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Abstract. Here we consider degenerations of stable spin curves for a fixed 
smoothing of a non-stable curve: we are able to give enumerative results and a 
description of limits of stable spin curves. We give a geometrically meaningful 
definition of spin curves over non-stable curves. 



1. Introduction 

The problem of constructing a compactification for the Picard scheme (or gener- 
alized Jacobian) of a singular algebraic curve has been studied by several authors. 
More generally, the same problem can be considered for families of curves. 

Several constructions have been carried out since Igusa's work [I], which gave a 
construction for nodal and irreducible curves. Constructions are known for families 
of geometrically integral curves, by Altman and Kleiman |AKj . and geometrically 
connected, possibly reducible, nodal curves, by Oda and Seshadri [OS] , A common 
approach to the problem is the use of the Geometric Invariant Theory. We recall 
in particular Caporaso's |C1| and Pandharipande's [P] modular compactifications 
of the universal Picard variety over the moduli space of Dclignc-Mumford stable 
curves. A different method was employed by Esteves [E] to produce a compactifi- 
cation for a family of geometrically reduced and connected curves. 

On the other hand, one may be interested in distinguished subschemes of the 
Picard scheme. In the paper [C], Cornalba constructed a geometrically meaningful 
compactification S g of the moduli space of theta characteristics of smooth curves 
of genus g. The moduli space S g is well-known as moduli space of stable spin curves 
and is endowed with a natural finite morphism tp : S g — > M g onto the moduli space 
of Deligne-Mumford stable curves. As one can expect, the degree of tp is 2 2g and S g 
is a disjoint union of two irreducible components, Sg~ and Sg , whose restrictions 
over M g parametrize respectively even and odd theta characteristics on smooth 
curves. In particular, the degree of the restriction of tp to Sg is N g := 2 9 ~ 1 (2 9 — I). 

The fibers of ip over singular curves parametrize stable spin curves, which are 
generalized theta-characteristics. The paper |CCj provides an explicit combinato- 
rial description of the boundary, parametrizing certain line bundles on quasistable 
curves having degree 1 on exceptional components, i.e. rational components inter- 
secting the rest of the curve in exactly 2 points. 

More recently, in |CCC| . the authors generalize the construction compactifying 
in the same spirit the moduli space of pairs (C, L), C a smooth curve and L a r-th 
root of a fixed N £ Pic C. 

In this paper we will often make the following assumptions: 



The author was parcially supported by CNPq, Proc.f 51610/2005-3, and by Faperj, Proc. E- 
26/152-629/2005. 

1 



2 



MARCO PACINI 



(1) a one-parameter family of projective curves has local complete intersection 
(l.c.i.) fibers which are Gorenstein, reduced, connected and canonical; 

(2) a singular curve is irreducible with at most nodal, cuspidal and tacnodal 
singularities. 

We construct a compactification of the moduli space of odd theta characteristics 
on the smooth fibers of a family of curves satisfying (1) and (2). These assumptions 
allow us to find a rather explicit geometric description of degenerations of odd theta 
characteristics. Our method gives the possibility to reduce ourselves to results on 
Deligne-Mumford stable curves. Loosely speaking, this approach can be viewed as 
a "Stable Reduction for polarized curves" . 

Let us give more details. We say that a one-parameter family /: W — > B, with 
B an affine and connected smooth curve, is a smoothing of a curve W, if its general 
fiber is smooth and the fiber over a special point £ B is W. Let / : W — > B be a 
smoothing of a singular curve W, where W C B x P 5_1 . Assume that / satisfies 
(1). Set B* := B — and consider the restricted family W* —*B*. It is well-known 
that there exists a curve S~,, finite over B* , whose points parametrize odd theta 
characteristics of the fibers of W* — » B* . Some natural questions arise: 

(a) how can we get a compactification of S~» over B, reflecting the geometry 
of W? 

(b) are the corresponding boundary points independent of the chosen family 
f:W^B7 

(c) if the answers to (a), (b) are positive, can we give a geometric description 
of the boundary? 

It is well-known that a smooth curve C of genus g has exactly N g — 2 9 ~ 1 (2 9 — 1) 
odd theta characteristics. If C is general, any such line bundle L satisfies h°(C, L) — 
1. Thus the canonical model of C admits exactly one hyperplane Hl cutting the 
double of the effective divisor of \L\. In this case, we say that C is theta- generic 
and that Hl is a theta hyperplane of C. It follows that, if C is a theta-generic curve, 
it comes with a configuration of theta hyperplanes 9(C), a point of Hubjv (P s_1 ) v . 

Let Hilb^_^ be the Hubert scheme of curves of P 9_1 having p(x) = (2g — 2)x — g + 1 

as Hilbert polynomial and let H g be the irreducible component of Hilb^j 1 whose 
general point parametrizes a smooth canonical curve. Consider the rational map: 

9: II.,- >Hilb 7Vs (Pf- 1 ) v 

sending (a point parametrizing) a smooth theta-generic curve to its configuration 
of theta hyperplanes. If the smooth fibers of /: W — > B are theta-generic, the 
family of theta hyperplanes of W* — > B* is isomorphic to S~* , hence its closure in 

B x (P 9_1 ) v provides a compactification of S~*. In this way, we can also consider 

limit theta hyperplanes on singular curves; a singular curve is theta-generic if it 
admits a finite number of theta hyperplanes. 

The following Theorem 1 answers question (b) for certain types of curves. For a 
proof of Theorem 1, see the proof of Proposition 13.21 and Lemma l4~4l 

Theorem 1. Let W be a l.c.i. canonical curve. Then the following statements 
hold. 

(i) Fix non negative integers r, 7, 5. IfW is general, irreducible with r tacnodes, 
7 cusps and S nodes, then it is theta-generic. 
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(ii) // W is theta- generic, then there exists a natural configuration of theta 
hyperplanes 9(W) G Hilbjv (P 9_1 ) v such that, when W is smooth, 9(W) is 
the ordinary configuration of theta hyperplanes. 

We are able to give an explicit description of 0(W) as follows. If W is a general 
irreducible l.c.i. canonical curve with tacnodes, cusps and nodes, we say that a 
theta hyperplane of W is of type (i,j, k, h) if it contains i tacnodes and j tacnodal 
tangents of these i tacnodes, k cusps and h nodes of W. Denote by t 3 ikh (W), for 
j < i, the number of theta hyperplanes of type k, h). Set N+ := 2 9 ~ 1 (2 9 + 1). 

The following Theorem 2 extends known results from |C2| . For a proof of The- 
orem 2, see the proof of Theorem [ 



Theorem 2. Let g be an integer g > 3. Fix non negative integers r, 7, S. Let W be 
a general irreducible l.c.i. canonical curve of genus g with r tacnodes, 7 cusps and 
5 nodes. Let ~g = g — S — 7 — 2t be the genus of the normalization of W. 
If j < i or h 6, then: 

tl kh (w) = ^ +T - 1+5 - h - 1 ( A(ru ' )S]r: 



If i = j and h = 5, then 



r ~ l [ T -)(!) N ~9 if r-i + 1 -k = 0(2) 



If W is singular, then 6{W) contains multiple hyperplanes. In Theorem 3, we 
find the multiplicity of a limit theta hyperplane, as a multiplicative function of the 
singularities of W. For a proof of Theorem 3, see the proof of Theorem 15.61 

Theorem 3. Let W be a general irreducible l.c.i. canonical curve with tacnodes 
and cusps. The multiplicity of a theta hyperplane of type k) is 4 l ~ J & 3 fc . 

The techniques used to prove Theorem 3 also lead to answer question (c). Let 
us start with an example. Consider a general smoothing W — > B of a projective 
irreducible canonical curve W with one cusp. Modulo a base change we can assume 
that it admits a stable reduction over B, which we denote by / : C — > B. The central 
fiber C of C is reducible. There exists a morphism from C to W given by J\f = Uf (D), 
a twist of the relative dualizing sheaf by a non-trivial divisor D of C, supported 
on an irreducible component of C. This morphism encodes the stable reduction of 
the polarized curve (W,Ow(X)), suggesting a geometrically meaningful connection 
between limit theta characteristics on W and square roots of the restriction Af\c- 
We will explicitly describe this connection. We define a twisted spin curves as a 
square roots of a twist of the dualizing sheaf of nodal curves. For example the square 
roots of N\c are twisted spin curves. We will see that, if W is as in Theorem 3, 
then the hyperplanes of W correspond to suitable twisted spin curves of the curve, 
which is the stable reduction of any general smoothing of W. 

In short, in Section^ we give a review of moduli spaces of line bundles of curves. 
In Section [31 we introduce our compactification of S^* and we prove the existence 
of a well-defined configuration of theta hyperplanes for certain singular curves. In 
Section |4] and Section [5j we give enumerative results of configurations of theta 
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hyperplanes, describing their zero-dimensional scheme. In Section [521 we conclude 
with a definition of spin curves over non-stable curves. 

We will use the following notation and terminology. We work over the field of 
complex numbers. A curve is a connected projective curve which is Gorenstein 
and reduced. Let u>w be the dualizing sheaf of a curve W. The genus of a curve 
is gw = h°(W, ujw)- We denote by Sing(W) the set of the singularities of W. 
If Z C W is a subcurve, set Z c := W — Z. A l.c.i. curve is a local complete 
intersection curve. A curve with a cusp or a tacnode is a curve on a smooth surface 
with a singularity of curves of type A2 or ^3, i.e. a planar singularity of a curve 
which locally analitically has equation y 2 = x 3 or y 2 = x 4 . 

A family of curves is a proper and flat morphism / : W — > B whose fibers are 
curves. The fiber of a family / : W — > B over the point b G J3 is denoted by Wj,. If 
is a distinguished point of a scheme B, we denote by B* := B — 0. A smoothing 
of a curve W is a family /: W — > -B, where -B is a smooth, connected, affine curve 
of finite type, with a distinguished point £ B, such that W is isomorphic to W 
and Wi, is smooth for b G B*. A general smoothing is a smoothing with smooth 
total space. If / : W — ► B is a smoothing of W, we denote by W* the restriction of 
W over £?*. Similarly, if Af G Pic W, we denote by A/"* := A/]w* ■ 

A stable (semistable) curve C is a nodal curve such that every smooth rational 
subcurve of C meets the rest of the curve in at least 3 points (2 points). The dual 
graph Tx of a nodal curve X is the usual graph, with the irreducible components 
of X as vertices and the nodes of X as edges. A curve X is obtained from C by 
blowing-up a subset A of the set of the nodes of C, if there is a morphism tt : X — > C 
such that, for every G A, 7r -1 (n,) = Ei ~ P 1 and tt: X — LLj-Ej — > C — A is an 
isomorphism. For every G A, we call an exceptional component. A quasistable 
curve is a semistable curve, obtained by blowing-up a stable curve. 

A non-degenerate curve W C P 9_1 of genus g is canonical if O^(l) ~ wvv • 

We set N g := 2 g - 1 (2 9 - 1) and N+ := 2 9 ~ 1 (2 S + 1), respectively the numbers of 
odd and even theta characteristics of a smooth curve of genus g. 

2. Review of moduli of roots of line bundles of curves 

In [CCC , the authors focused on the problem of giving a compactification of 
moduli spaces of roots of line bundles on smooth curves. The compactification is 
described in terms of limits square roots. 

Let C be a nodal curve and let N G Pic(C) be of degree divisible by 2. A triple 
(X, L,a), where tt : X — > C is a blow-up of C, L is a line bundle on X and a is a 
homomorphism a: L® 2 — > tt*(N), is a limit square root of (C,N) if: 

(i) the restriction of L to every exceptional component has degree 1; 

(ii) the map a is an isomorphism at the points of X not belonging to an ex- 
ceptional component; 

(iii) for every exceptional component E such that E HE C = {p, q} the orders of 
vanishing of a at p and q add up to 2. 

The curve X is called the support of the limit square root. If C is stable, then 
a limit square root of (C,u>c) is said to be a stable spin curve. 

If X is a quasistable curve, we set X := X — LIE, where E runs over the set 
of the exceptional components. We denote by the graph having the connected 
components of X as vertices and the exceptional components as edges. There exists 
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a notion of isomorphism of limit square roots. By [Cl Lemma 2.1], two limit square 
roots £ = (X, L, a) and £' = (X, a') are isomorphic if and only if the restrictions 
of L and L' to X are isomorphic. When there is no possibility of confusion, we 
denote by £ — (X, L, a) both a limit square root and its isomorphism class. 

Let / : C — > S be a family of nodal curves over a quasi-projective scheme B and 
let J\f 6 Pic(C) be of even relative degree. There exists a quasi-projective scheme 
Sf(Af), finite over B, which is a coarse moduli space, with respect to a suitable 
functor, of isomorphism classes of limit square roots of the restriction of AT to the 
fibers of /. For more details, we refer to [CCQ Theorem 2.4.1.]. Let C be a nodal 
curve and N 6 Pic(C) of even degree. Denote by Sc{N) the zero-dimensional 
scheme Sf a (N), where fc ■ C — ► {pt} is the trivial family. In particular, Sc(N) 
is in bijection with the isomorphism classes of limit square roots of (C,N). If 
/ : C — > B is a family of curves and A/" € PicC, then the fiber of 5/ (TV) — * B over 
6 G B is ^cCA/lcO) as explained in [CCC( Remark 2.4.3]. 

Definition 2.1. Fix a blow-up tt: X — > C of a stable curve C. The graph Ajf 
associated to X is the subgraph of the dual graph Tc of C, whose edges correspond 
to the set of nodes of C, which are blown-up by tt. A subgraph A of Tc is admissible 
if for every irreducible component Cj of C, whose corresponding vertex of Tc is Vj , 
then the number of edges of A containing Vj is congruent to deg Cj (N) modulo 2. 

Recall that, by |CCC[ 2.2], a subgraph A of Tc is the graph associated to a 
blow-up X of C such that X is the support of some limit square root of (C, N), if 
and only if A is admissible. There are 2 bl ^ Tc ^ admissible subgraphs of Tc- 

Let Ax be an admissible subgraph of Tc- Denote by E\, . . . , E m the exceptional 
components and by Ei n -Ef = {p^, <7i}. Consider the restriction tt: X — > C of the 
blow-up morphism. By the given definitions, the dual graph of X is Tc — Ax- If 

is the genus of the normalization C v of C, then there are 2 2g + h i( r c-^x) j me 
bundles L £ Pic(A) such that: 

Z^ = ^A0(-Ei<,< m (p* + *))- 

Indeed we have 2 2g " choices for the pull-back of L to C v and 2 bl ^ Tc ~ Ax ^ gluings 
at nodes of X. A limit square root of (C, N) supported on X is given by gluing any 
L to 0Ei(l) for i = 1, . . . ,to. 

By (CTHCl 4.1], the multiplicity of S C (N) in £ = (A, G, a) is 2 bl ^). 

Example 2.2. Let C = Uckj^jvCj be a stable curve, with dual graph shown below. 




C 2 

The dual graph of C 



We describe Sc(vc), the zero-dimensional scheme of stable spin curves of C. 
Let X — > C be a blow-up of C. Then Ax is admissible if and only if for 1 < j < N 
either the two edges connecting Co to Cj appear in Ax or none appear. Let Ax be 
the admissible graph of the blow-up X of C at the first r pairs of nodes. A stable 
spin curve is (X, G, a), where G is a gluing of a square root of Xq U X r+ \ U • ■ ■ U Xn, 
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of a square root of Cj for 1 < j < r to Os(l) for any exceptional component E. 
Since b\ (Ex) — r, we have that (X, G, a) has multiplicity 2 r in Sc{wc)- 

Fix a smoothing C of C. Let D be a Cartier divisor of C supported on C\ , . . . , Cjv- 
Pick T := Oc(D) ®Oc- A limit square root of (G, wc(7 1 )) supported on G is simply 
a square root of u>c{T). Being 61 (Sc) = 0, the multiplicity of such limit square 
root in 'S c {lo c {T)) is 1. 

Let X be a nodal curve and fix a smoothing / : X — > B of X. A line bundle 
T 6 Pic(X) is said to be a twister of X, if T ~ where D is a Cartier 

divisor of X supported on irreducible components of X. When there is no possibility 
of confusion, we denote a twister of X by Of(D). 

Definition 2.3. Let L G Pic(X) be a line bundle such that L® 2 ~ uix ® T, where 
T = O^-(D) (gi Ox is a twister of X. Then (X, i) is a D-twisted spin curve or simply 
a twisted spin curve. 

A stable spin curve supported on a stable curve is a 0-twisted spin curve. Notice 
that a twisted spin curve (X, L) can be seen as a limit square root of (X, lox ® T). 

2.1. The sections of a stable spin curve. Let C be a stable curve and let 
£ = (X, G, a) be a stable spin curve of C, supported on a blow-up 7r: X — > C of 
C. Let £ (X) be the set of the exceptional components. Pick X = X — ^Ee£(x)E- 
The line bundle G is obtained by gluing theta characteristics of the connected 
components of X to Oe(1) for every E G £{X). Let Z be a connected component 
of X. Since G|_e = 0e(1) for £7 S £(X), a non-trivial section of G|z uniquely 
extends to a section of G vanishing on the other connected components of X. Thus: 

(2.1) H°(X, G) = ®H°(Z, G\ z ) Z connected. 

If G is odd on dG connected components of X, then G is odd if and only if 
d G = 1 (2). 

2.2. Smoothing line bundles and sections. Let /: W — > B be a smoothing of 
a singular curve W with nodes, cusps and tacnodes and let M G Pic(W). 

Let L G Pic(W / ) be endowed with an isomorphism i : L® 2 — > A/" ® Ow Then, 
up to shrinking B to a complex neighbourhood of 0, there exists a line bundle 
£ G PicW extending L and an isomorphism 1: L® 2 — > A/" extending to- Moreover, 
if (C',i') is another extension of (L,lq), then there is an isomorphism ^: £ — > 
restricting to the identity, and with 1 — il o %® 2 . 

The previous statement is a simple variation of |CCC[ Remark 3.0. 6.], whose 
proof appeared in an early version of the paper. 

Assume that h°(Wb, N\w b ) = d for b G B* . Consider /*A/" as a vector bundle. 
The Af-smoothable sections of Af\w are the sections of the d-dimensional subspace 
of H°(W,Af\w) which is the fiber of fM over 0. 

3. The projective setup of theta hyperplanes 

A genus g canonical smooth curve W C P 5_1 has N g := 2 s " 1 (2 9 — 1) odd theta 
characteristics. If W is general, then any odd theta characteristic L has h°(W, L) — 
1. Thus a general smooth canonical curve has exactly N g hyperplanes, called theta 
hyperplanes, cutting the double of a semicanonical divisor. We call W theta- generic. 
We collect these hyperplanes, in a configuration 6(W) G Pjv s := Hilbjv 9 (P 9_1 ) v . 
The theta hyperplanes were introduced in |CS2j . |C2] and |CS1| . 
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We define configurations of theta hyperplanes for singular curves as follows. Let 
Hilb^i be the Hilbert scheme of curves of P 9_1 having p(x) = (2g — 2)x — g + 1 

as Hilbert polynomial and let H g be the irreducible component of rlilb^-j' whose 
general point parametrizes a smooth canonical curve. If h G H g , let Wh be the 
curve represented by h. Consider the map: 

0: II., >F Ng 

such that 9(h) = 9(Wh), for every smooth theta-generic canonical curve Wh- 
Let / : W — > B be a smoothing of a canonical curve W C P 9_1 to theta-generic 
canonical curves, where W C B x P 9_1 . Let jf-.B* — * H g be the morphism 
associated to the restricted family W* — > -B*. The map is defined on the image 
of 7/. Now, B is smooth and Pjv g is projective, then the map: 

9o lf :B ► Pjv s 

is defined over G B. We set 0/(W) := 9 o 7/(0). We can see 0/ (W) also as a 
not necessarily reduced hypersurface of degree N g in P s_1 , all of whose irreducible 
components are hyperplanes. Notice that a priori the configuration 9f(W) depends 
on /. Furthermore, we can consider the -B-curve: 

(3.2) J w >B 

which is the closure in B x (P 9_1 ) v of the incidence correspondence: 

{(b,H) \Hd9(W b ), b^O}. 

Definition 3.1. We say that the hyperplanes of the fiber of the morphism (|3.2[) 
over G B are theta hyperplanes of W. We say that W is theta-generic if it has a 
finite number of theta hyperplanes, arising from smoothings to theta-generic curves. 

Proposition 3.2. Let W be a theta-generic l.c.i. canonical curve. If f and f 
are two smoothings ofW to theta-generic canonical curves, then 9f(W) = 9f>(W). 
In particular, there is a natural configuration of theta hyperplanes 9(W) such that, 
when W is smooth, 9(W) is the ordinary configuration of theta hyperplanes. 

Proof. Assume that H g is smooth at the point parametrizing W. Consider H^" 1 
and let U C Zf| m be the open set corresponding to theta-generic smooth curves. 
Let F be the closure in Hg" 1 x Pjv g of the incidence variety: 

Tu := {(h,9(W h ))\h G U} c H» m x P^. 

Let p be the projection p: T — > Hg" 1 . Since p is bijective on Tjj, it is a birational 
morphism. Since U is irreducible, also T is irreducible. Thus, by the Zariski Main 
Theorem, the fibers of p are connected. The curve W is theta-generic, hence the 
fiber of p over the point parametrizing W is finite, hence it consists of one element 
and we are done. We show that, if h G H g parametrizes W, then H g is smooth at 
h. If W is l.c.i., it is enough to show that ^(Nyy/fg-i) — 0. Consider the sequence: 

o >iw/iw ► n l-9-i\ w ► ► o 

which is exact, since W is l.c.i.. By taking Homo w (—, Ow), w e get: 
y Homo w (0^,0^) > Tv*- 1 \w > N w/vn-i — — y 
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— ^ Ext x 0w (& w , Ow) ► 0. 

Let J\f w be the kernel of a. By the sequences in cohomology, we get: 
H\W,% g - 1Wv ) >H x (W,Af w ) >0 

H x {WMw) >H x {W,N w/99 -i) yQ. 

Thus, if ^(Wi^s-i^) = 0, then h}{W,N[v) = and also h x (W, N w/fg -i) = 0. 
By the Euler sequence of P 9_1 , restricted to W, we have: 

H X {W, O w ) ► H X (W, O w {l)) ® H°(W 7 O w (W ► 

>H X {W, T W9 -i \ w ) >0. 

Since Ow(V) ~ u>w, dualizing the last sequence, we get: 

>H l {W,T ws -i\ w y >H°(W,O w ) ® H°(W,uw) -^-^H°(W,lu w ). 

Being (3 injective, then h (W, Tp B -i \w) — and we are done. □ 

We call 9{W) the configuration of theta hyperplanes of W. Its associated zero- 
dimensional scheme is the zero- dimensional scheme of theta hyperplanes of W. 

4. Enumerative results 

In this section, we write down formulas for the reduced zero-dimensional scheme 
of theta hyperplanes for singular curves. In |C2[ Proposition 1, Proposition 4] one 
can find formulas for nodes and cusps, which we generalize also for tacnodes. 

Definition 4.1. Let If be a genus g irreducible curve with r tacnodes, 7 cusps 
and 6 nodes and let v : W v — > W be its normalization. We say that W is general if 
(W v ', ^~ 1 (Sing(W))) is general in Mg tn , where n — 26 + 7 + 2r and g = g — n + 6. 

Definition 4.2. Let W C P 9 " 1 be an irreducible general canonical curve with 
tacnodes, cusps and nodes. A hyperplane of P 9_1 is of type (i,j,k,h) with respect 
to W if it contains i tacnodes, j tacnodal tangents of these i tacnodes, k cusps and 
h nodes. A hyperplane of type (0, 0, 0, 0) simply a hyperplane of type 0. We denote 
by t\ kh (W) the number (if it is finite) of theta hyperplanes of W of type (i,j, k, h). 

Notice that the divisor cut on W by a theta hyperplane is the limit of a family 
of divisors on smooth curves such that each point of the support appears with an 
even coefficient. Consider the projection of a canonical integral curve W C P 9_1 
with tacnodes, cusps and nodes, from a singular point s € W. Call W C P 9 ~ 2 
the projected curve, which is a canonical curve. Let H C P 9_1 be a hyperplane. If 
s € H, call H' C P 9-2 the projected hyperplane. Lemma [4~5l will implies that H is 
a theta hyperplane of W if and only if H' is a theta hyperplane of W . Notice that 
if s G W is a tacnode, then s projects to a node n £ W. 

Lemma 4.3. Let W' be an irreducible general curve of genus g(W') > 2 with 
tacnodes, nodes and cusps and p £ W be a general point. Let (W') sm be the smooth 
locus ofW. Ifg(W) = 2, set W° = (W') sm - {p,p'}, where p + p' e\u W '\- If 
g(W) > 2, set W° = (W') sm - p. Then there is an Stale morphism b: W° -> W° 
and a family of curves ip: W — ► W°, with a section s: W — > W, such that: 



SPIN CURVES OVER NON-STABLE CURVES 



9 



(i) if q' G W°, then s(g') is a tacnode of ip 1 (<?')/ 

(ii) the normalization ofW at s(W°) is n: W x W° — > W; 

(iii) i/g' G then 7r- 1 (s(g')) = {p,6(g')}. 

Proof. Set g = .g(VK') + 2 and iV = ^ (2p + 2q), for g G W°. Since ft°(JV) = g + 1 
and deg A = 2g— 2, the linear system \N\ embeds W as a projective curve C P 9 . 
Abusing notation, we can see p,q as points of W' q . Consider a point r of the 
line pq, with r ^ p,q and the projection 7r r from r. Call X C P 9_1 the image 
of W via 7T r and i = n r (p) — n r (q). Denote by T p the tangent of W' q at p 
and by T 9 the tangent of W' q at q. Notice that T p does not contain q, because 
h°(N(—2p — q)) — h°(N(—2p)) — 1, and similarly T q does not contain p. 

We show that ir r restricts to an isomorphism between W q — {p, q} and X — t. In 
fact, consider the projection 7r t of X from i. The image Y G P 9 ~ 2 of X via 7r t is the 
projection of from pq, hence it is the image of the morphism W 1 — > P 9 ~ 2 given 
by |iV(— p — q)\ = |wvk'(p + 'J , )| — P 9 ~ 2 . Pick the genus (? — 1 curve Y obtained from 
W' by the nodal identification of p and q. Let n be the new node. Now, Y is not 
hyperelliptic, because W is general and p + q £ \ujw\ when g(W) = 2, hence ojy 
is very ample. The canonical model of Y is the image of the morphism W' — > P 9 ~ 2 
given by |wvk'(p + 9)1- Thus, Y is the canonical image of Y and i projects to n. In 
this way, 7r t o 7iy restricts to an isomorphism between W' q — {p, q} and Y — n and 
7iy restricts to an isomorphism between W' q — {p, q} and X — t. 

Observe that dimif (A(— 2p — 2q)) = g — 2, i.e. it is a codimension 3 subspace of 
H°(N) instead of a codimension 4 subspace, hence T p and T g meet in a point. Set 
T t = 7r r (T p ) = ir r (T q ) G P 9-1 . We show that i is a double point. By the proof of 
EGK, Proposition (6.1)], it is enough to show the existence of a hyperplane of P 9_1 
intersecting X at t with multiplicity 2. Let H C P 9_1 be a hyperplane containing 
t and not cotaining T t . Assume that H intersects X at t with multiplicity to. If 
to > 3, then H is the projection via 7r r of a hyperplane H C P 9 such that the 
multiplicities of the intersection of H and W' q at p and of the intersection of H and 
W' q at g sum- up to to. Hence -ff contains either T p or T g and iJ contains T t , a 
contradiction. Thus to = 2 and p is a double point. Notice that i is not unibranch, 
because W q is the normalization of X at t with p, g lying over t. Furthermore, T t 
is the common tangent of the two branches of the sigularity. In this way, t is an 
singular point, for k > 2, i.e. if (x, y) is an analytic coordinate system at t of 
a smooth surface containing X, then the equation of X is y — x 2k — 0, for k > 2. 

Assume that k > 2. Set = g+k — 2, Xk = X and tfc = i. Now, Xk has genus 
and it is not hyperelliptic, because W is general andp+g ^ when ^(W') = 2. 

Let ^ : — » A& be the partial normalization of A& at i.e. Afc_i has an ^42fe-2 

singular point tk-i lying over tk- Notice that Xk-\ is not hyperelliptic and has 
genus gk-i- Consider the canonical model Wk C P Sfc_1 of A&. Then Wk has degree 
2g/j — 2. Consider the projection ir^ of from and call Wk-i G P 9fc ~ 2 the image 
of 7Tfc. The map iik is given by the subspace of H°(ujw k ) of dimension gk-i — gk — 1 
corresponding to the hyperplanes of P 9fc_1 containing ifc. Let C P 9fc_1 be a 
general hyperplane containing tk, cutting Wk in tk with multiplicity 2. Let D 
be the divisor given by the intersection of H with the smooth locus of Wk- If 
L = Ox k _ 1 (Vfc-D), then the composed map 7r^ oj/ fc is given by a subspace of H°(L) of 
dimension Now, degi = 2<j% — 4 = 2gk-i — 2 = degwx fe _i and h°(L)>gk-i, 

thus, by Riemann-Roch, ® L^ 1 ) = — .g^-i + 1 > 1. Since A^_i is 
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irreducible, this implies L ~ 0Jx k _ t • In particular, irkoi/k is given by H°(ujx k _ 1 ) and 
Wk-i is the canonical model of Xk—i- Iterating the reasoning, we get projections 
7Tfc, 7Tfe_i, . . .7T3 such that the image W% of 7r3 is a curve with a tacnode t% such that 
the normalization of W2 at t% is W' — > W2, with p, g lying over t2. 

Now, pick the trivial family /: VF' x W° — > W a . Consider the Cartier divisors 
D = px W° C W x W° and A C W x W , where A is the restriction of the diagonal 
of W x W. Set N = ojf(2D + 2A). If g e W°, we have ^V|/-i (g ) = u w >(2p + 2q). 
Embed the family / as a family of projective curves of P 9 , via the relative linear 
system of TV. As before, call W' q the image of the fiber / _1 (g). Consider: 

S = ¥{fM/fM{-D - A)) - [¥{fM/fM{-D)) U P(/JV//JV(-A))) 

and the natural map 6*: 5 — » M^ . The fiber of # over g G parametrizes the 
codimcnsion 1 subspaces V of H Q {N\j-i( q )) such that: 

{^°(^| / - 1(g) (-p)) I ^ (^| / - 1(9) (-g))}. 
Any such V gives a projection of W' q from a point r G pq, r ^ p,q. Now, by [Gl 
IV-4, 17.16.3], there exists an etale morphism b: W° — > W° such that the morphism 
S x w o W° — ► has a section. Thus, for every q' G W° such that b(q') = q, we get 
the choice of a point r G pg, r =/= p,q, from which we can project W' q . In this way, we 

get a family of curves tpk ■ Wfc — > W^ , with a section Sfc : VK — > Wfc such that Sfc(g') 
is an A2fe singular point of ^ 1 (q'), for some fc > 2. Note that fc does not depend 
on q', because the genus of ^ 1 (q') does not. The normalization of Wfc at Sk(W°) 
is TT k : W' x W° -> Wfc with 7r A r 1 (s fe (g')) = {p, 6(g')}- If fc > 2, take the canonical 
model of the family, given by aty fc , and the fiberwise projection from Sk (q') ■ We get a 
family tpk-i ■ Wfc-i — > ly , with a section Sfc-i : W° — > Wfc_i, having the properties 
of Wfc — > W^ , with the exception that Sk-i(q') is an A 2 k-2 singular point. 
Iterating the reasoning, we get a family of curves ip2 ■ W2 — * W^ as required. □ 

Lemma 4.4. Let W 6e an irreducible general curve with tacnodes, cusps and nodes. 
Then the following statements hold. 

(i) If R is a theta characteristic ofW, then h°(R) < 1 and a section of R does 
not vanish on singular points of W ; 

(ii) If W is canonical, it is theta-generic and there exists a set bijection: 

{theta hyperplanes of type of W} > {odd theta characteristics of W}. 

Proof, (i) Let g be the genus of W. We argue by induction on the number of 
singularities of W. The statement is clear if W is smooth, and also if g < 1. Let 
g > 2 and let R be a theta characteristic of W. 

If W has a node n, pick its normalization ir: W' — > W at n. Set 7r _1 (n) = {p, q}. 
If a section of R vanishes on n, then h°(ir*R(— p — q)) ^ 0. The genus of W is g — 1 
and (ir*R) m = tt*(ujw) = ^w(p + <?)■ Since deg7r*i? = g — 1, by Ricmann-Roch 
< h {n*R) = 1 + h Q (ir*R{-p - q)). Thus, we are done if we show that 
h (ir*R(-p - q)) = 0. To show that h°(ir*R(-p - q)) = 0, let W sm be the smooth 
locus of W. Pick W = W x W sm and the Cartier divisors A C W, where A is the 
restriction of the diagonal of W x W', and D — qx W sm G W. Let /: W -> VF sm 
be the second projection and = w/(A + L>). We have = w/-i(p)(p + g) 

and = ajf-i(q) (2g). A square root of is L(g), where L is a theta 

characteristic of / _1 (g) = W'. Now, g is general and by induction h°(L) < 1, 
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then h°(L(—q)) = 0. Let 7Z be the line bunde smoothing L(q) on a complex 
neighbourhood of q £ W 3m such that TZ® 2 — A4, as in Section l2~2l If p is a general 
point contained in such a complex neighbourhood and if a section of the square 
root 72.|^-i(p) of u>f-i(p\ (p + q) vanishes in p and q, then a section of vanishes 
two times in q, i.e. h (L(—q)) ^ 0, a contradiction. Now, the family / is trivial, 
then the number of the square roots of the restriction of M. to the fibers of / is 
constant. Thus, arguing in the same way for all the square root of we 
get that the sections of any square root of lu f-i^(p + q) do not vanish on p and q. 

If W has a cusp c, pick its normalization ir: W' — » W at c. Set 7r~ 1 (c) = p. 
The genus of W is g - 1. Now, {tt*R)® 2 = u w >(2p), then 7r*i? = L(p), for a 
theta characteristic L of VF'. By induction, h°(L) < 1 and by Riemann-Roch, 
h°(TT*R) = 1 + h°(w W ' ® (n* R)- 1 ) = I + h°(L(-p)). Since p is general, it follows 
that h°(L(-p)) = and then hP{R) < h a (ir*R) = 1. Now, assume that h"(R) = 1 
and that a section of R vanishes on c. Thus h°(TT*R(—p)) = h°(L) ^ 0. From the 
proof of [H, Theorem (2.22)] and [H, Section 2e (a)], we have h°{R) = h°(L) + l (2), 
hence 1 > h°(L) =0 (2). Thus h°(L) = 0, which is a contradiction. 

If W has a tacnodes t, pick its normalization w: W — > W at £. Set 7r _1 (t) = 
{p, q}. The genus of W is 5 -2. Now, (7r*i?)® 2 = w W '(2p+2g), then 7r*i? = L(p+q) 
for a theta characteristic L of W. By induction h°(L) < 1. Since p and g are general, 
we have h a (L(-p - q)) = 0, hence h°(R) < h°(w*R) = 2 + h°(L(-p - q)) = 2. We 
are done if h°(R) = for an even theta characteristic R. In fact, in this case, if R is 
an odd theta characteristic, we have h°(R) = 1 and if the section of R vanishes on 
t, then h°(<K*R(-p - q)) = h°(L) ^ 0. But, from the proof of [3 Theorem (2.22)] 
and [HI Section 2e (a)], we have h°(R) = h°(L) + 1 (2), hence l>h°(L) = (2). 
Thus h°(L) = 0, which is a contradiction. 

We show that h°(R) = for an even theta characteristic R. This is well-known 
if g < 3. Let g > 3. Let ?/> : W — * W° be the family of Lemma 14.31 associated 
to W and p, where W° — > W° is etale and W x PT — > W is the normalization 
at the distinguished tacnodes of the fibers. It is well-known that there exists an 
etale base change Z — > W° such that the relative degree g — 1 Picard variety </|7i? 



of Z = Z x^ W 
over J^7 Z y-z Z. 



— > Z has a universal object, i.e. a universal line bundle A4 
Denote by &2 : Z — > VF — * the composition of the etale 
morphisms. Let 0,z C ^|y Z be the locus corresponding to theta characteristics 
and bi : Qz ~ * Z the corresponding finite etale morphism. Set 1Z = A4\e z x z z and 
consider the commutative diagram: 

f 1 . TIr / „ ^ 2 



7^• 



■+W x9 z 



pi 



->e z x z z- 



-¥W' x Z- 



z 



W x W° 



r>2 



9j 



Consider the Cartier divisors A C W 7 x VF , where A is the restriction of the 
diagonal of W x W', and D = p x W° C W x W°. Set (^ = (^20 <^i. By 
construction, C = p\TL(— tp* A — ip*D) is a family of theta characteristics on the 
trivial family W' x Qz — > 62, hence £ is constant on the connected components 
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of Q z . Let q e W° and q' € Z such that b 2 {q') = q. Pick Z q , = n~ l {(f)- By 
Lemma |473| we have that 7r: W' — ► Z q / is the normalization of Z q i at a tacnode t q i 
and 7r _1 (V) = {p,q}- The proof of [HJ Theorem (2.22)] and (HI Section 2e (a)] 
implies that, if Z is a curve, Z' is the normalization at a tacnode of Z with the 
points p, q over the tacnode and L an odd theta characteristic of Z' , then there are 
exactly 2 even theta characteristics of Z whose pull-back to Z 1 is L(p + q). Then, 
if Li, . . . ,Ln are the odd theta characterictics of W and r\\ , . . . , r]^ N £ Qz are 
the points representing the even theta characteristics of Z q i , then by construction 
{C\ p _ l{ ^y . . . ,£\ p -i(,f 2 ' N) } = {L 1 ,L 1 ,L 2 ,L 2 , . ■ .,L N ,L N }, where p = p 2 op\. Thus 
Qz is the disjoint union of components Qz'---i®z such that £1^,-1(0.7) is the 

trivial bundle Lj — ► W x Q 3 Z , for j = 1, . . . ,N. By induction, h°(Lj) = 1 and 
the section of vanishes in smooth points of W, thus we can find r £ W° such 
that h°(Lj(—r)) = 1. Pick r' £ Z such that 62(7') = r. Since p is general, we have 
h a {Lj{p + r)) = 2 + h°(Lj(-p - r)) = 2 and h*{L.j{p)) = 1 + h°(Lj(-p)) = 1 and 
by construction h°(Lj(r)) = 1 + h°(Lj(—r)) = 2. In particular, we get a section 
s of Lj(p + r) vanishing in p and not vanishing in r. Thus, s does not descend to 
a section of the even theta characteristics R 2 j-i,R 2 j of Z r i = ?7 _1 (r') whose pull- 
back to W is Lj(p + r) and hence h°(Z r >, Baj-i) = h°(Z rl ,R 2j ) = 0. Now, 6^ has 
at most two connected components. If J^j-iJ^sy ^ ®z represent R 2 j-\,R 2 j, the 
set {v 2 j~i:V 2 j} intersects all the connected components of 8^. By construction, 
= ^(^l^ 1 ^)) = °' Thus ' if « el *" is general, 6 2 (g') = 9 for 
q' e Z and b^ 1 (q') n 6^ = r?^-}, by semicontinuity ft°(Z g / , ^| p -i^|' = 

h°(Z q /,lZ\ -i t q i ,) = 0, where Z„i = ri~ l (q') and we are done. 

(ii) First of all we show that a hypcrplanc H of type with respect to W is a theta 
hyperplane of W if and only if it cuts W in points with even multiplicity. If H ■ W = 
2Dh, then Ow{Dh) is an effective theta characteristic of the canonical curve W . 
From (i), we have that h?{Ow{Dn )) — 1 and Section [2~2l implies that Ow(Dh) 
is limit of odd theta characteristics, because the parity of a theta characteristic is 
preserved in a deformation. Thus H is a theta hyperplane. The converse is obvious. 

We have a set injection: 

{theta hyperplanes of type of W} > {odd theta characteristic of W}. 

sending H to Ow(Dh)- If R is an odd theta characteristic of W, let D be 
the effective divisor of \R\ and H be the theta hyperplane cutting 2D on W. It 
follows from (i) that D and hence H do not contain singular points of W, thus the 
injection is also a surjection. To prove that W is theta generic, it suffices to show 
by induction that the set Ti. of hyperplanes cutting the smooth locus of W in points 
with even multiplicities is finite. In fact, the theta hyperplanes are contained in 
Ti. This is clear if g — 3 and, by what we have proved, W has a finite number of 
hyperplanes of type with respect to W, cutting W in smooth points with even 
multiplicity. Now, assume that there is an infinite number of hyperplanes of H 
containing a fixed set of tacnodes, cusps and nodes. Call W the curve obtained by 
projecting W from one of these singular points. The projection of the hyperplanes 
of 7i gives rise to an infinite set of hyperplanes cutting the smooth locus of W in 
points with even multiplicities, which is a contradiction. □ 
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Lemma 4.5. Let W C P 9_1 be an irreducible general canonical curve with tacn- 
odes, cusps and nodes and H C P 9_1 be a hyperplane. Then H is a theta hyperplane 
ofW if and only if H cuts the tacnodes ofW with multiplicity 2 or 4, the cusps and 
nodes of W with multiplicity 2 and smooth points of W with even multiplicities. 

Proof. Notice that, if a hyperplane H cuts a tacnode t <G W with multiplicity at 
least 4, then H contains the tacnodal tangent T t of t. In fact, let tt: W' —* W 
be the normalization of W at t, with the points p, q lying over t. Recall that 
tt*ujw — %' (2p + 2q). As in the proof of Lemma l4~3l if W C P ff is the embedding 
given by H°(ujw'(2p + 2g)), then W C P 9_1 is the image of W via the projection 
7r r from a point r of the line pq with r ^ p,q and a hyperplane if cutting t with 
multiplicity at least 4 is the projection via n r of a hyperplane of P 9 containing 
either the tangent of W at p or the tangent of W at g, hence H contains T t . 

Let H be as in the statement. If H is of type with respect to W , then it 
is a theta hyperplane by the first part of the proof of Lemma 14.41 (ii). Let H 
be of type k, h) with respect to W, with t\, . . . , ti, c\, . . . , c&, ni, . . . , rih the 
tacnodes, cusps and nodes contained in H . Assume that the tacnodal tangents 
of ti,.. .tj are contained in H. Let tt: W' —> W be the normalization of W at 
tx, . . . tj, ci, . . . Cfc, ni, . . . rift and the partial regularization at tj+i, . . . fj, meaning 
that we get j nodes lying over tj+i, . . . U. If H intersects the smooth locus of W 
in 2Dh, we have that L = Ow'(^*(Dh)) is an effective theta characteristic of W' , 
hence h°(L) = 1 from Lemma [4.41 (i). If W has only nodes, consider a general 
smoothing W — > -B of to theta generic curves and let B' — > i? be a degree 2 
covering, totally ramified over 6 B. Consider: 

<Y — ^-4 yy S> W 

where W = W S' and p is the resolution of the Ai singularities over the 
nodes H n Sing(W). The central fiber X of /: A" — > B' is a quasistable curve, 
the union of W 7 and some exceptional components. Consider a stable spin curve 
£ = (X, G, a) of W, where G is the gluing of L S Pic(W') and the degree 1 bundle 
over each exceptional component. Thus h°(G) = 1, from (|2.1|) . hence G is the 
limit of a family of odd theta characteristics on the smooth fibers of X — > J3' and 
its section is smoothable. Since p is an isomorphism away from the exceptional 
components, by construction the associated family of theta hyperplanes has H as 
limit hyperplane, hence H is a theta hyperplane of W. 

Assume that W has either a tacnode or a cusp. Then, Lemma [4T4l ('ii) implies that 
W is theta-generic. To show that H is a theta hyperplane it suffices to show that it 
is limit of theta hyperplanes of nodal general curves. Now, consider a one-parameter 
family of curves W — > B such that the general fiber is a general curve with i+j+h+k 
nodes and the special fiber is W . Assume that each one of t\, . . . ,tj is respectively 
the limit of 2 nodes and that each one of tj+i, . . . , ti, c\, . . . , Ck,m, . . . ,rih is the 
limit of 1 node. The normalization W' of the surface W gives rise to a smoothing 
of W. Consider the odd theta characteristic L of W with h°(L) = 1. Of course, 
L is the limit of a family of odd theta characteristics on the smooth fibers of W" 
and its section s is smoothable. The zero divisor of s is the limit of a family of 
effective scmicanonical divisors on the smooth fibers of W', inducing also a family 
of effective divisors on the nodal fibers of W. The family of hyperplanes on the 
nodal fibers of W, obtained on each fiber as the linear span of the points of the 
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effective divisor and of its i + j + h + k nodes, is a family of theta hyperplanes, 
because the curve is nodal, and by construction its limit is exactly H . 

Conversely, let H be a theta hyperplane of W . First of all, H cuts W in points 
with even multiplicities. If g = 3, then H cuts the nodes and cusps of the general 
curve W with multiplicity at most 3 and a tacnode of W with multiplicity at most 
4, hence we are done. Assume that g > 3. Let ti, . . . , t$, c±, . . . , Cfc, ni, . . . , 
be the tacnodes, cusps and nodes contained in H. Assume that the tacnodal 
tangents of ti,...,tj are contained in H. In particular, H cuts the remaining 
tacnodes with multiplicity 2. Let ir: Z —* W be the normalization of W at 
t\ , . . . , tj, c\ , . . . , Cfc, rz-i, . . . , rih and the partial regularization at tj+i , . . . , ti. 

Let gz be the genus of Z. If gz > 3, pick the projection of W from the tacnodal 
tangents of t\, . . .tj, the tacnodes ij+i, . . . U and the cusps and nodes contained in 
H. Then W projects to the canonical model Z C F 92 ^ 1 of Z and H projects to a 
hyperplane Hz C P 9z_1 cutting Z only in smooth points. Assume that H cuts n s 
with even multiplicity a s , for s < h, c s with even multiplicity /3 S , for s < fc, and 
i s with even multiplicity j s , for s < j. In this way, £/z C P 52-1 cuts the points 
u s ,v s 6 2 over n s with multiplicities a Sl ,a S2 such that a Sl + a S2 — a s — 2, the 
point w s <E Z over c s with even multiplicity [3 Sl — f3 s — 2 and the points x Sl y s G Z 
over £ s , for s < j, with multiplicities y Si , 7 S2 such that j Sl + 7 S2 = 7 S — 4. Let W^" 1 
be the smooth locus of W and let D be the Cartier divisor such that 2D = H ■ W sm . 
Pick L = ir*Ow(D). By construction, we have: 

L® 2 = u) Z {- ^(a Sl u s + a S2 v s + f3 Sl w s +j Sl x s +7 S2 y s )). 

s 

In particular, if we set: 

M = ^([ 2 ^ s + t 2 ^ Vs ~Y s ' 2 ^ s ' 2^ * Vs >' 

then M® 2 = ^z(J2sei( Us + Ws ) + Sssj( :Cs + ^ s ))' wnere 1 1S the set of the indices 
such that a Sl is odd and J is the set of the indices such that 7 Sl is odd. Assume 
that either / ^ or J ^ and let Z 7 be the general curve obtained by the nodal 
identifications of the pairs of points u s ,v s € Z indexed by I and the pairs of points 
x s , y s £ Z indexed by J. We get a theta characteristic V on Z' whose pull-back to 
Z is M. By construction, a section of M vanishes on u s , v s , if s G 7 and on x s ,y s , 
if s G J, hence L' has a section vanishing on some node, which contradicts Lemma 
[4741 (i). Thus J = J = and M® 2 =u 2 . Notice that h°(M) > 1, hence by Lemma 
14.41 (i) we have h°(M) = 1. The section of M does not vanish on u s ,v s ,w s ,x s ,y s , 
because they are general points of Z, hence a si = a S2 = (3 Sl = j Sl = j Sl = 0. In 
this way, we have a s = 2, for s < h, [3 S — 2, for s < k, and 7 S = 4, for s < j. 

Assume that gz < 2. If H cuts a node n\ with multiplicity m > 4, there exists 
a projection from a suitable subset of the set of tacnodal tangents of t\ . . . , tj and 
the points . . . ,ti, c\, . . . Cfe, n%, ■ ■ ■ rih, such that W projects to a general plane 
quartic with a node n\. Now, H projects to a line intersecting m with multiplicity 
m, which is a contradiction. A similar argument works if H contains a cusp with 
multiplicity m > 4 or a tacnode with multiplicity m > 4. □ 

Recall the definition of N g := 29~ 1 (29 - 1) and N+ := 2f~ 1 (2f + 1). 

Theorem 4.6. Let W be an irreducible general canonical curve with r tacnodes, 
7 cusps and 8 nodes of genus g > 3. Let 7) = g — 5 — 7 — 2t be the genus of the 
normalization of W. 
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If j < i or h S, then: 



ikh 

If i = j and h — 5, then 



-)T — 2 



t\u{W) = I 



x 



i J \jj \k J \h; 

Ng if t - i + 7 - k = (2) 



r-i T \ n 



j , , h .N± if r-i + 7 -k=l(2); 



Proof. The proof is by induction on g. The formulas hold if W is smooth and 
if g = 3, by [CS2l 3.2]. Consider the case (i,j,k,h) ^ (0,0,0,0). Call W the 
projection of W form a singular point s: since g > 4 we can project at least one 
time. Lemma S3] implies that H 9 s is a theta hyperplane of W if and only if the 
projection of H is a theta hyperplane of W'. Denote by W% s a genus g irreducible 

general canonical curve with r tacnodes, 7 cusps and S nodes. Thus t\ kh {W® lS ) is 
obtained by multiplying the cardinality of the set T of theta hyperplanes of W% s 
of type k, h) containing a fixed set of i tacnodes, j tacnodal tangents, k cusps 
and h nodes and the number (V) Q) of all possible sets of such singularities. 

We compute the cardinality of T . If j < i, we project the curve from a tacnode t 
contained in the theta hyperplanes of T and whose tacnodal tangent is not contained 
in the hyperplanes. The projected curve W®Z\ 7 s+i nas genus g — 1 and we can 
apply the induction. By the first argument of the proof of Lemma 14.51 the theta 
hyperplanes of T intersects t with multiplicity 2, hence they project to the theta 
hyperplanes of W^Zi ~ s+i °f type (i ~ l,j,k,h) containing a fixed set of i — 1 
tacnodes, j tacnodal tangents, k cusps and h nodes. Then: 

(^T7«) _ *i-l,k,h('^'r-l,7,<5+l) 



\T\ 



(1)0) GHD dr^wr 



The curves W^_ % s+1 and W% s have the same normalization and 5 + 1 ^ h, 
thus we are done because by induction: 



u,i,'."r-w+v-y i _ 1 jy j jy k jy h 

If i = j ^ and S = h, we project the curve from a tacnode t contained in the 
theta hyperplanes of T. The tacnode projects to a node n. Since the hyperplanes 
of T contain the tacnodal tangent of t, they project to hyperplanes containing n. 
Thus we have: 



\T\ = 



tjkhiW^s) _ ^-l,fc,fe+l(^T-l,7,g+l) 

0(1) ~ (Hi) CD 



Since <5 + 1 = h + 1, we are done because by induction we have: 
if r - i + 7 - k = (2) and 
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ifr-i + 7-fc=l (2). 

In the other cases, we argue as before by projecting the curve from a tacnode if 
i ^ 0, from a node if i — and h =/= 0, from a cusp if i = h = 0. 

By Lemma l4~4l (n). the number io o(^) * s ^ ne number of odd theta characteristics 
of W, hence it is given by [HI Corollary 2.7, Corollary 2.8], where k = r + <5, as 
explained in [HI Section 2b]. If <5 ^ 0, it follows from [HJ Theorem 2.12] that 
*ooo(W) * s gi ven by [HI Corollary 2.7] and we are done. If 8 = 0, again from [Hi 
Theorem 2.12] we have that iooo(W) is given by [HI Corollary 2.8]. As explained 
in [HI Section 2e and Theorem 2.22], the formula (2.9) (respectively (2.10)) of [HI 
Corollary 2.8] holds if r + 7 is even (respectively odd). □ 



We complete the description of the zero-dimensional scheme of theta hyperplanes 
of irreducible curves, computing the multiplicities of its points. We will denote by 
ojf the relative dualizing sheaf of a family of curves /: W — > B. 

Lemma 5.1. Let W be an irreducible curve of genus at least 2 with normalization 
W u . Let W — > B be a general smoothing of W. Let C be the central fiber of the 
stable reduction C of W. 

(i) Assume that W has exactly 7 cusps as singularities. Let b: B' — » B be the 
base change of order 6 totally ramified over £ B. Then C is a smooth 
surface and there are smooth elliptic curves F\ , . . . , Fy, so that the dual 
graph of C is given by: 



Assume that W has exactly r tacnodes as singularities. Let b: B' —> B 
be the base change of order 4 totally ramified over G B. Then C is a 
smooth surface and there are smooth elliptic curves Fi, . . . ,F T , so that the 
dual graph of C is given by: 



(ii) Let W be as in (i), with stable reduction f:C^ B' . Consider the Cartier 
divisor of C given by F :— ^2Fh, the sum of all the elliptic components. 
Consider h: W' = WxgJ]'^ B' . Then C is endowed with a B' -morphism 
tp: C — * W such that: 



Proof, (i) We argue as in [BPVl Theorem III-10.1] and [HMl Example pag.122]. 
This proof works, up to replace B by some open subset containing 0. Since W is 
general, it is a smooth surface. Let W be obtained by blowing-up W three times in 
correspondence of each cusp, so that the reduced special fiber has normal crossings. 
Take a base change b\ : B\ — > B of order 2 totally ramified over 6 B and the 
normalization VVi of W 5. As explained in |HM] , Wi is the double cover of 
W branched along the irreducible components of the special fiber of W, appearing 
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with odd multiplicities. Then Wi is a smooth surface, because the branch divisor 
is smooth. Take the base change b 2 : B' — ► B\ of order 3 totally ramified over 
G B\ and the normalization C of Wi B' . Then C is the triple cover of 
Wi ramified along the irreducible components of the special fiber, appearing with 
multiplicities not divisible by 3. Then C is a smooth surface because the branch 
divisor is smooth. The components of the special fiber of C are W , 7 elliptic curves 
intersecting transversally W u in one point, and (— l)-curves. Then C is obtained 
by contracting the (— l)-curves contained in the special fiber of C — ► B' . 

The tacnodal case is similar, combining two base changes of order 2 totally 
ramified over 0. 

(ii) Let C be as in (i). By the universal property of the fiber products, we have 
a B'-morphism from C to W", factorizing through the B'-relative minimal model 
C of C. We get the diagram: 

c — ^ w — > w 

h 

B'^^B 

Since ip is an isomorphism away from the special fibers, it follows that ujf and 
ip*{u>h) differ by a divisor D of C supported on components of C. If v: W u — > W is 
the normalization, it follows that ip*(uih) <8> Ow — — uiw C^YK^h H Ffi)) 

and hence D ~ F. Thus we get the relation (|5.3|) . □ 

Definition 5.2. We call the elliptic curves Fh, appearing in the stable reduction, 
elliptic tails. 

Remark 5.3. Consider the stable reduction of a general smoothing of a tacnodal 
curve, as in Lemma 15. II It is easy to see that an elliptic tail Fh is a double cover 
ip : Fh — > P 1 , branched at 0, 1, 00, —1, with the points Fh n F^ lying over 0, 00. It is 
the elliptic curve with j-invariant j = 1728. 

Lemma 5.4. Let C be the stable reduction of a general smoothing of an irreducible 
curve of genus at least 2 with a tacnode. Let F be the elliptic tail of C over the 
tacnode and set F (~l F c = {p, q}. There exists a group A — {id, 71, 72, 73} of au- 
tomorphisms of F, fixing p and q and such that, if G\ and Gi are square roots of 
Of(jp + q), then 7*Gi ~ G2 for some 7 in A. 

Proof. By Remark 15.31 F is a double cover ip: F — > P 1 branched over 0, 1, 00, —1 
and p, q lie over 0, 00. Thus F admits an involution 71, exchanging the ramifi- 
cation points ri,r2 over 1,-1 and whose set of fixed points is {p, q}. Let 72 be 
the involution of F associated to ip and 73 := 72 71 • The four square roots of 
Of(p + q) are effective. Pick the distinct effective divisors Di, for i — 1, ... ,4, 
such that 2Di ~ p + q. Of course D, ^ p,q,ri,r 2 . Since 27|(A) = 7,*(2A) ~ 
Tj* + q)=P + q, for j = 1, 2, we get, up to the order, D t = 7 1 *(D 3 ), D 2 = 7* (At) 
and D 2 = 7l(A), A) = 7 2 *(^4). □ 

Lemma 5.5. Let C be the nodal union of a canonical irreducible general curve W 
with t tacnodes, 7 cusps and 5 nodes and m smooth elliptic curves Fi , . . . , F m with 
Fh H Fk = for h fc. j4sswne £/ia£ i^/, n i^f are two general points of W . Let R 
be an odd theta characteristic of C . Then h°(R) — 1 and the non-trivial section of 
R vanishes on smooth points of C. 
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Proof. The proof is by induction on m. The case m = is Lemma 14.41 Let 
gw be the genus of the normalization of W. Set Fh fl F% = {ph,qh}- Consider 
the effective degree 1 Cartier divisors Dhi, Dh2, Dh3, -Dft.4 of Fh whose double is in 
\Ph + Qh | • Abusing notation, we see Dhj as an effective degree 1 Cartier divisor of 
C supported in a smooth point of C contained in Fh- Let W' be the irreducible 
general curve obtained by the nodal identification of the two points of Fh n F^ 
for every h. Since W has at least one node, it follows from [HI Corollary (2.7), 
Theorem (2.12)] that W has N w = 2 2gw+k ~ 1 odd theta characteristics, where 
k = m + S + t. By induction, they have one section whose divisor of zeroes is 
supported in smooth points of W'. Since W is the normalization of W at the m 
new nodes, by pull-back we get Nw effective Cartier divisors of W whose double 
is in \{jJw (J2i<h<m(Ph + Qh))\, which we can see as effective Cartier divisors of C 
supported on smooth points of C contained in W . Consider the sum of each one 
of these Nw effective Cartier divisors with one Dhj for every elliptic curve Fh- We 
get a set of 4 m Nw effective Cartier divisors of C, supported on smooth points of C. 
By construction, the set S of the associated line bundles is a set of effective theta 
characteristics of C. Now, C has at least one node and its normalization has genus 
gw+m, thus [HI Corollary (2.7)] implies that C has exactly 2 2( -3w+m)+k-i = 4 mjy w 
odd theta characteristics. If we show that h°(R) = 1 for every R 6 S, then S is the 
set of the A m Nw odd theta characteristics of C and we are done. 

Let R e S. We have H°(R) C H°(R\ Fl ) H°(R\ F °) and hP(R\ Fl ) = 1. If 
h°(R) > 2, then there exists ^ s 6 i/°(i?|i?c) such that (0, s) descends to a 
section of R. In particular the section s vanishes on F\ fl Ff. Consider the curve 
Wi obtained from Ff by the nodal identification of F\ n Ff. Call n the new node. 
From [HI Theorem (2.14)] we get exactly one odd theta characteristic R\ of Wi 
whose pull-back to F% is R\ F <= and s descends to a section of R\ vanishing on n, 
which is not possible by induction. □ 

5.1. Curves of twisted spin curves. Let W — > B be a general smoothing of a 
curve W as in Lemma 15.11 Pick its stable reduction f:C—>B'. For a divisor D of 
C, supported on C, set TVd := u)f(D). Pick the moduli space: 

S f {M D ) >B' 

of [CCC1 Theorem 2.4.1.]. Let S~* be the open subscheme of 5/(A/"d) of odd 
theta characteristics of smooth fibers of C — ► -B'. Let ST/- be the closure of 5,7. 

Aid ^ f 

in 5/(7Vd). The curves SZ- are birational, as £) varies. Thus they have the same 
curve as normalization, which we denote by: 

VD :S) >S - Nd . 

Let Jw be the curve of theta hyperplanes of Section [H We get a rational map: 

/'/' : S N - D > Jw 

which is an isomorphism away from the central fiber. Since S'j is smooth, we 
get a morphism: 



(5.4) 



i>: SI yj w 
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The morphism ip generically associates to an odd theta characteristic of a smooth 
curve, the theta hyperplane induced by its unique section. Over the special fiber, 
the morphism will be described by looking at the behaviour of the smoothable 
sections of twisted spin curves. 

Theorem 5.6. Let W be an irreducible general canonical curve of genus g whose 
singular points are tacnodes and cusps. Then the multiplicity of a theta hyperplane 
of type k) is & % ~i&Z k . 

Proof. Assume that the singular points of W are exactly r tacnodes t\ , . . . , t T . By 
Theorem 14. 61 W is theta-generic. Let W — » B be a general smoothing of W to 
theta-generic curves and /: C — > B' be its stable reduction as in Lemma \5. II with 
central fiber C. Set {n/,i, n/, 2 } := Fh fl F^. 




The curve C for r = 3 The curve W for r = 3 

For every divisor D of C, consider the diagram: 




such that \id ° vd = tp, where /i£> is defined. We compute the multiplicities of 
the special fiber of Jw' —> -B' by describing the map ip. 

First Step: the reduction to twisted spin curves. For every subset H C {1, . . . ,r}, 
let iSy be the set of stable spin curves in S~ f supported on the curve X obtained 

by blowing-up in C the nodes n/,.i,rt/ l2 for h G H. Set = i>q 1 (Sh) and Dh = 
J2heH Fh- The goal of the first step is: 

(1) to describe explicitly ud h f° r every £ G <S^, 

(2) to show that vd h is an isomorphism over S^. 

Pick £ 6 S~ , supported on a blow-up X of C. Let (X, G, a) be a representative 
of the isomorphism class of £. The possible blow-ups of C are described in the 
Example 12.21 Assume that the nodes which are blown- up to get X are {n^i, n/^} 
for h = and h = i + 1, . . . , r where < j < i < r. Let -E^i, E^2 be the 

exceptional components of X connecting Fh to W. If Ax is the graph associated 
to X, as in Definition ^. 1[ then Ax = Sx- The dots of the drawing mean that there 
are loops from F\ to Fa and from F i+1 to _F r . 




The graph Ax The curve X for r = 3 and i = 2j = 2 
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If no otherwise specified, in the First and Second Step £ will be fixed. 
Assume that: 

(5.5) G\ Fh is even for 1 < h < j; G\ Fh — Fh for i < h < t. 

Of course, G\w"uF j+1 ---uFi is a theta characteristic of W v U Fj + i ■ • • U Fj. 
To describe the map tp, we choose other representatives in the equivalence class 
of £ as follows. By Lemma \5. II we have that C is smooth. Define the divisor of C : 

(5.6) D := ^2 F h + E 

l<h<j i<h<T 

Pick a D-twisted spin curve (G, L), where L G Pic G satisfies L® 2 ~ u>c ®Oj(D) 
and has restrictions: 

(5.7) L\ Fh = G\ Fh for 1 < h < j; L\ Fh = G\ Fh = Fh fon<h<T 

L\wuF j + 1 U...Fi = G\ W "UF J + 1 ---UF i (J2l<h<j( n hl + n h2) + J2i<h<r ( n hl + %)) 

Since bi(Ax) — t — i + j, there are 2 r ~ ,+: ' possible gluings, giving rise to a set 
of 2 T_4+J line bundles L as above. 

We claim that for every L £ S^, there exists a representative (X, G, a) of £ such 
that L and G are limits of the same family of theta characteristics. In fact, consider: 



where p\ is a double cover ramified over the central fiber, and p 2 is the resolution 
of the A\ singularities over n^x^nhi for h < j and h > i. Notice that X is a 
smoothing of X. Set p = p% o p 1 . Now, by Section l2~2l we have that L extends 
locally (analitically) to a line bundle C on C, which is a family of theta characteristics 
away from the special fiber. Consider: 

Q ■= p*£(l>2h<3M>i(- F h - E hi - E h2 )). 

By construction, the restriction of Q to X is a line bundle appearing in a repre- 
sentative of £ and the claim follows. 

Now, SJ is complete over B', then ^ Vp X {C,L) n v^iO = [C,L) G Sf, 
because, by the construction of Sjy given in [CCCj , Sj^ is smooth in (G, L) . Since 
= Ax, Example 12 . 21 implies that the multiplicity of £ in Sq is 2 r ~ 4+J . There are 
N g odd spin curves of G, with multiplicity, then {r/^ 1 (C, L) : Vi 6 V£ G S 1 ^} is 
a subset of cardinality iV 9 of the fiber of over 6 5', hence it is the entire fiber. 
The conclusion is that VDiy^ 1 ^)) = {(C,L) | L 6 S^} and is an isomorphism 
over Vq 1 ^). 

Now, Sj^- is smooth at (G, L), hence is defined on (C, L). Then we can write: 
MO | £' 6 ^(C)} = {p D (C,L) I L G SJ. 

Second Step: the smoothable sections of the line bundles of S^. Let (G, L), with 
L 6 5^. Pick a representative £ = (X, G, a), such that L and G are limit of the 
same family of theta characteristics. Let £ be the line bundle on C extending L to 
a family of theta characteristics away from the special fiber. Notice that / : C — > B' 
is a smoothing to theta-generic curves and L and G are limit of the same family of 
theta characteristics, then there is a unique £-smoothable section of L. 

We describe the behavior of this section. As in Lemma 15. 1[ we can consider 
the stable reduction g: y — > £?' of W at ti, . . . , tj, with a birational morphism 
7r : C — » which is an isomorphism away from the special fiber. Let Y C y be the 
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central fiber. Thus it: C — > y contracts Fi+i, . . . ,F T to r — i tacnodes of Y, while 
Fi, . . . , Fi are elliptic components of Y. Denote by Y' := Y — L>i<h<jFh- 




The curve Y for r = 3, i = 2j = 2 The curve Y' for r = 3, i = 2j = 2 

We claim the existence of a set 7j of 2 T ~ l+J line bundles of Y with h°(Y, P) = 1, 
for every P € T 5 , such that = {(tt| c )*P | P G TJ. 

Indeed, recall again that it follows from the proof of [HI Theorem (2.22)] and [HI 
Section 2e (a)], that if Z is a curve, is the normalization at a tacnode of Z with 
the points p, q over the tacnode and M a theta characteristic of Z, then there are 2 
theta characteristics Mi, M 2 of Z whose pull-back to Z' is M(p + q) and such that 
h°(M) + 1 = h°(Mi) (2). 

Now, consider the theta characteristic G\w»uF j+1 ---uFi of W U P/+i •••UP;. 
Since the stable spin curve £ = (X, G, a) is odd and the restriction of G is an even 
theta characteristics on F\, . . . ,Fj and an odd theta characteristic on Pi+i, . . . , P r , 
by Section 12.11 we have that Ct|w"uFj + i—uf < is odd (even) if and only if r — i is 
even (odd). Thus we get a set of 2 T ~ l odd theta characteristics of Y' whose 
pull-back to W U F j+X • • • U P is G\ w , U F :j+1 --uF i (T l . l<h < T (n h i + n h2 )). Now, W 
is general, thus Lemma T5.5I implies that h°(Y',P') = 1 for P' G 7^'. Consider the 
Cartier divisor Dy := J2 1<h< j Pi of the total space y of g: y — > P'. For P' G 7^', 
construct the set Tpi of 2 J line bundles of Y by gluing: 

(5.8) P'(Ei<KjKi + "ha)) G Pic(y') and G| F(i G Pic(F h ) 1 < h < j 

so that, for any P G Tpi , we have P® 2 ~ oj g (Dy) ® (Dy. Since G| Fft is non- 
effective for 1 < ft < j, it follows that ft°(F,P) = 1 for every P G Tpi. We show 
that the set Tc := Upig^'Tp/ of 2 T ~ l+ ' J line bundles of Y" is as required by the claim. 
Indeed for every P G Te, pick the line bundle V G Pic(^) extending P to a family 
of theta characteristics away from the special fiber. As for Lemma I5~T1 (ii), we get: 

{K*VT 2 =K*{w g {Dy))=Wf{D). 

Thus (ir\ c )*P 6 5 e . We get a map T c -> 5 e , sending P to (tt|c)*P If (tt|c)*Pi = 
(tt\c)*P2, then it follows from the unicity of the extensions in Section |2~21 that : 

(TT\c)*Pl = {**Vl)\ C = (7T*P 2 )|C = Mc)*P2 => TT*Pl Tr*V 2 . 

Now, 7r is an isomorphism away from the special fiber and the degree of the 
restrictions of Pi and P 2 to the components of Y are equal, then: 

{VxY ~ (tT*Vi)* ~ (tT*P 2 )* ~ (P 2 )* => Pi ~ P 2 . 

Thus 7^ — > iS^ is an injection, hence a bijection because the two sets have the 
same cardinality. It follows that = {{^\c)*P I P S 7^} and the claim follows. 

Pick L = tt*P G <S 5 for P G 7^. If V is the extension of P, then tt*P <g> O c = L. 
Since L has a unique 7r*P-smoothable section, also P has a unique P-smoothable 
section, hence the unique section sp of P is P-smoothablc. It follows that it* sp 
is limit of fiberwise sections of 7r*P, i.e. ir*sp is the 7r*P-smoothable section of L. 
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If P € T P >, it follows from IpTgjl that s P G H°(Y,P) vanishes on Fi,...,Fj and 
restricts to the section of H°(Y', P') away from Pi, . . . , Fj. 
Therefore, from Lemma 15.51 we have that: 

(i) ir*sp identically vanishes on Fh for 1 < h < j; 

(ii) n*sp vanishes on a smooth point of Y contained in Fh for j < h < i (P has 
degree 1 on each Fh); 

(iii) Tr*sp does not vanish on each curve Fh for i < h < t; 

(iv) ir*sp vanishes on a set . . . , £ s _j_j_i}p/ of smooth points of C lying on VF" 
and depending only on P' (the degree of P on the partial normalization of W 
contained in Y is g — i + j — 1 and the singular points of Y where P vanishes 
are the 2j points Fh n F£ for 1 < h < j). 

Let T th W be the tacnodal tangent to W at th- It follows from (i), (ii), (iii), (iv), 
that, for P £ 7^, we have: 

(5.9) n D (C,n*P) = span{T 4l W, . . . ,T tj W,t j+1 , . . . , U, spanfji, . . . , lg-i-j^i} P }. 

Notice that /j,d(C,it* P) is a theta hyperplane of type (i, j). 

Third Step: the computation of the multiplicities. By construction, the 2 J sections of 
{s P | P e Tp/} are all equal. Conversely, if Pi E Tp» C 7^ and P 2 G C 7^ with 
P{ ^ Pjj then the set of zeroes of sp 1 and sp 2 are different away from Pi U- • • UFj, 
because otherwise P[ = P' 2 (sp 1 , sp 2 do not vanish on components of Y'). Thus the 
set {ir*sp | P G 7jr} has 2 J 2 T_l sections, each one of which appears 2 J times. 

Now we vary £ among odd spin curves supported in X. Consider all the possible 
odd stable spin curves (X, G,a), where G\p h varies among the even theta charac- 
teristics of Fh for 1 < h < j, G\f h = Of k for i < h < r and G\ w v \jFj +1 ---\jFi is a 
fixed theta characteristic of W u U Pj+i • ■ • U Pi. 

Each Fh has 3 even theta characteristics, hence we get a set {£i, . . . £ 3 j} of & 
odd stable spin curve. By (i), (ii), (iii), (iv), we have tt*sp 1 — ir*sp 2 if and only 
if P\\y> = Pi\y- Thus the set {n*s P \ P G U 1 < r < 3J 7i r } has 6 j 2 T ~ l sections, each 
one of which appears & times. 

Pick the group Ah — {id, 7J 1 , 72 , 73 } of automorphisms of Fh of Lemma f5T4l for 
j < h < i. Since these automorphisms fix each point of Fh n Ffc, they extend to 
automorphisms both of C and Y. For every £ r = (X, G r , a r ) G {^1, • • • , £31}, define: 

U r := {(X,7*G r ,7*(a r )) | 7 = o ■ ■ ■ o j h ~/ h £ Ah}. 

Notice that by varying r, we get all distinct spin curves. Furthermore, if we set 
H := Ui< r < 3i {n*s P \ P G U^ e wT^}, then we have: 

H = {vr*7*s P I P G U 1<r < 3J 7^ ; 7 = -y j+1 o ■ ■ ■ o j h j h G A h }- 

Indeed if P G 7^ r , then j*sp is the unique section of 7*P, and hence it is 
smoothable. From Lemma 15.41 two sections 7r* sp 1 , Tf*sp 2 of Ti. are equal away from 
Uj<h<iFh if and only if 7r*sp 1 = ir*j*sp 2 where 7 is an automorphism of Y given 
by 7 = ' ' ' Tii I0r lh G A h . Thus: 

(v) the set TL has 4 4 ~ : '6 : '2' r_l sections each one of which vanishes in one point of 
Fh, for j < h < i, and is equal, away from Uj < h<iFh, to exactly A^iQi other 
sections of H. 

Pick tt*sp G By (|5.9| we know that hd(C, 7r*P) is a theta hyperplane of 
type and it follows from (v) that /i£> sends exactly 4 l ~ J 6 : ' twisted spin curves 
to npi{C,n*P). By Example 12. 2( each twisted spin curve has multiplicity 1 in the 
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central fiber of Sf — » B', thus the following claim implies that a theta hyperplane 
of type has multiplicity 4* _3 '6 J '. 

Claim: tj)(C, tt*P) ^ fi D (C, ir*P) if vr*P <£H. 

Indeed, pick £ r = (X, G r , a r ) G {£1 . . . £ 3J }. Let £ be another odd spin curve of 
C supported on X. If /xd(C, tt*P) = ip(C, tt*P) for P e S 6r and P € Sg, then tt*s p 
and 7r*Sp vanish on one point of Fh for j < h < i, and they are equal away from 
Uj<fc<iPfc. Thus £ G W for some r. 

Let f = (^', G', a'), where X' ^ X. If P' G T e and P G T ? , then ^{C, tt*P') ^ 
Hd(C, 7r*P) because the type of the two hyperplanes is different. The tacnodal case 
of the Theorem is done. 

Assume now that the singular points of W are exactly 7 cusps c\ , . . . , c 7 . Let 

W — > B be a general smoothing of W to theta-generic curves and / : C — > P' be 

its stable reduction as in Lemma I5TTI with central fiber C. Set := Fh H P£. Pick 

the divisor of C given by P = Xa</i<7 -^h anc ^ the smooth curve SJ^ D , all of whose 

points over E B' are supported on C. Consider: 

QV v o c _ 
D / > b M D 

Jw 

such that hd vd = ip. Denote by vq : Sf — » iSj the normalization of S~ . 
Fix a stable odd spin curve £ = (X, G, a) of C, a point of S~ f . It is supported 
on the blow-up X of C at all of its nodes. Assume that: 

(5.10) G\ Fh is even for 1 < h < k; G\ Fh = Fh for k < h < 7. 

Of course, G\w is a theta characteristic of W v . 

Consider the P-twisted spin curve (C,L), where L satisfies L® 2 ~ ujc <8> Of(D) 
and has restrictions: 

- G\ Fh for 1 < h < k; L\ Fh = G| F „ = G Fh for fc < h < 7. 

L| w „ = G|w"(X)i</,<, y n/i)- 
Arguing as in the tacnodal case, we see that there exists a representative (X, G, a) 
of £ such that G and L are limits of the same family of theta characteristics. 
Thus z^o (£) = (C,L) G Sf because, being C of compact type, then — » P' 
is etale and the cardinality of i>q (£) is 1. In order to describe the morphism 
ip : Sf — > Jw' , it suffices to find the images of the P-twisted spin curves via the 
morphism fin ■ Sj^ D — > Jw- Arguing as in the tacnodal case, one can show that, if 
s is the smoothable section of L, then s identically vanishes on Pi U ■ ■ • Uft, s does 
not vanishes on Fk+\ U • • • U P 7 , s has a set {li, . . . , l g ^k-i}h of g — — 1 zeroes on 
smooth points of C on W" and two different sections have different sets of zeroes. 
We have: 

Vd(C,L) = span{ci, . . . , c k , span{/ 1; . . . Z g _ fc _i} L }, 
hence fijj(C,L) is of type k. If we change the 3 fe even theta characteristics of 
Pi, . . . , Pfc, then /iu(G, L) does not change. Now, (C, L) has multiplicity 1 in the 
central fiber of Sf, then a theta hyperplane of type k has multiplicity 3 fe . 
The case of a curve with tacnodes and cusps follows by repeating word by word the 
proofs of the case of a curve with just tacnodes and of a curve with just cusps. □ 
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The technique used to prove Theorem 15.61 applies also to nodal curves with at 
most two components, as is shown in |Pa| 4.1.1.]. 

Example 5.7. The reader can check that N g = 6 j 3 k t 3 ik (W) . For example, 

if W has 1 tacnode and 1 cusp, we have g = g — 3 and from Theorem 14.61 

nil r> ?\ r . iO qj-1 q aH- . j-0 o2(g — 3) 

L 0Q — — /JV 9-3i t 01 — zt 10 — ZJV g-3' L 10 ~ L ll ~ z 

As expected: 

^4 i ^6 i 3 fe 4(W) = 36A g _ 3 + 28N+_ 3 = 32 • 2 2 ^ - i(N+_ 3 - iV 5 _ 3 ) = N g . 

5.2. Spin curves over non-stable curves. We can conclude with a geometric 
meaningful definition of spin curves over non-stable curves. 

Definition 5.8. Let W be an irreducible curve, whose singularities are cusps and 
tacnodes. A spin curve of W is a triple (C, T, L), where: 

(i) C is the central fiber of the stable reduction / : C — » B' of a general smoothing 
of W; 

(ii) T = Of(D) Cg> Oc is a twister of C, where D is a divisor of C given by the sum 
with coefficient 1 of all the elliptic tails lying over the cusps of W and of some 
elliptic tails lying over the tacnodes of W; 

(iii) L G Pic C is a square root of uic <£> T. 

The curve Sf of f|5.4|) has a description in terms of spin curves of W, thus the 
limits of odd theta characteristics degenerating to W are spin curves of W. 
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